In this paper an initial-boundary value problem for two mathematical models of elastic and viscoelastic oscillations of a thin ice plate in an infinite channel under the action of external load is considered in terms of the linear theory of hydroelasticity. The viscosity of ice is treated in the context of the KelvinVoigt model. The joint system of equations for the ice plate and an ideal fluid is considered. Boundary conditions are conditions of clamped edges for the ice plate at the walls of the channel, condition of impermeability for the flow velocity potential and the damping conditions for the oscillations at infinity. The uniqueness theorem for the classical solution of the initial-boundary value problem is proved.
Formulation of the problem
Oscillations of an ice plate in a channel under the action of external load applied to the ice are considered. The channel has a rectangular cross section with finite depth H, (−H < z < 0), and width 2L, (−L < y < L), and it is infinitely long, −∞ < x < ∞, (x, y, z) is the Cartesian coordinate system. Fluid in the channel is inviscid and incompressible with density ρ l . The thickness of the ice plate h i and rigidity D, D = Eh
2 )], are constant, where E is the Young modulus and ν is the Poisson ratio. The ice plate is clamped at the channel walls, y = ±L. We denote unbounded domains occupied with the ice plate and the liquid by Π ⊂ R 2 and Ω ⊂ R 3 , respectively
Boundaries of these domains are Γ = ∂Ω = Γ 1 ∪ Γ 2 ∪ Γ 3 and G = ∂Π = G 1 ∪ G 2 , where 
The boundary conditions of impermeability in Γ 1 are
and the linearised kinematic condition and Bernoulli integral in Γ 2 are
where p(x, y, 0, t) is the hydrodynamic pressure on the ice-fluid interface, g is the gravitational acceleration. We assume that fluid oscillations are damped out far away from the load. This boundary condition in Γ 3 is
The ice displacement w(x, y, t) satisfies the equation of a thin viscoelastic plate in the ice plate domain
The initial conditions are
The clamped conditions in G 1 are
and the damping conditions far away from the load in G 2 are
The initial-boundary value problem (1)-(7) describes oscillations of an ice plate clamped to channel walls under the action of external load P (x, y, t). Here τ = η/E is the retardation time;
η is the viscosity of ice;
is the mass ratio; ρ i is the density of ice; φ(x, y, 0, t) is the velocity potential at the lowest boundary of the ice plate; the external load is a smooth localized function P (x, y, t).
Let a pair of functions w(x, y, t) and φ(x, y, z, t) be a solution of the system of equations (1)- (7) if these functions are defined in Ω T and Π T and they have the following properties: (a) functions w(x, y, t) and φ(x, y, z, t) satisfy system of equations (1)- (7), initial and boundary conditions and they are continuous in Π T and Ω T , respectively; (b) functions w(x, y, t), w x (x, y, t), φ(x, y, z, t) and φ x (x, y, z, t) vanish when |x| → ∞; (c) all derivatives up to third order of w(x, y, t) exist and they are continuous in Π T and bounded when |x| → ∞. The main result of this paper is the following theorem. The system of equations (1)- (7) describes forced oscillations of an ice plate clamped to two walls of a channel (parameters of the ice plate and channel may vary). Joint systems of unsteady equations of a thin viscoelastic or elastic plate and fluid were investigated numerically and analytically for various initial-boundary conditions (see, for example, [1] [2] [3] [4] etc). There is an excellent review of the problems with a thin unbounded ice [1] . Unsteady problems of the ice motion under the action of external load described by equations (1)- (5) in unbounded domain were analytically and numerically investigated [3, 4] . Free oscillations of an ice cover described by equations (1)- (4) without taking into account damping and conditions (4) and (7) were studied [5] . Problems of oscillations of an ice plate clamped to a vertical cylinder in a close mathematical formulation were studied [6, 7] . Problems with one wall, in particular, in non-linear formulation were considered [8] . The solution of the problem with two walls for given external load was studied numerically by the normal mode method [9] .
Two basic approaches were used to study problems. The first approach is the numerical study of a steady-state solution of the problem in the coordinate system moving together with the load. In this coordinate system the ice displacement and the velocity potential do not depend on time, and solution is obtained using numerical methods. Second approach is to solve unsteady problem, where the ice displacement is represented by the series of integrals using the Fourier transform. These integrals depend on time. Parameters of the ice displacement are determined using asymptotic methods as limiting values of forced unsteady hydroelastic waves which are developed with time. Both approaches do not answer the question of existence of the solution. However the ice displacement and strain distributions caused by the moving load are calculated. Comparing calculated strain distribution with critical value allow one to predict the area where the ice is broken [8, 10] .
Solvability of initial-boundary value problems for the Euler equations and unsteady equation of a thin plate were studied in detail separately [11] [12] [13] [14] [15] [16] . Initial-boundary value problems for unsteady Euler equations of a potential flow of a homogeneous liquid with a free surface were considered in detail [11] . Solvability of initial-boundary value problems for the Euler equations with a free surface was considered [12] . Uniqueness of the solution of the flow problem with a given vortex for the unsteady Euler equations of an ideal incompressible fluid was proved [13] . Equation (5) determines oscillations of a thin plate within the Kirchhoff-Love hypothesis of the linear theory of elasticity [17] . This equation is known as the Euler-Bernoulli beam equation in one dimensional case with τ = 0. Existence of a classical solution of boundary value problems for the elastic beam equation with a nonlinear right-hand side and fixed edges of the beam was proved [18] . Solvability of the initial-boundary value problem for oscillations of a viscoelastic beam with inhomogeneous boundary conditions was studied using variational methods [19] . Solvability of problems with rigid inclusions and cracks in thin elastic plates within the Kirchhoff-Love hypotheses or Timoshenko hypotheses was studied in detail (see, in example, [14] ). Existence of a solution of the bending problem of an elastic plate with rigid inclusion was proved [15] . Unique solvability of the problem of joining of two elastic homogeneous beams, one of which is the Euler-Bernoulli beam and the other is the Timoshenko beam, was proved [16] . In this paper we study the uniqueness of the solution of the joint problem of a plate bending and motion of an ideal fluid. In order to prove the Theorem 1 we used approaches developed before [13] .
Uniqueness of viscoelastic oscillations
Let us assume that two different non-trivial solutions w 1 , φ 1 and w 2 , φ 2 of system (1)- (7) exist. Functions w = w 1 − w 2 and φ = φ 1 − φ 2 satisfy the following initial-boundary value problem
φ(x, y, z, t), φ x (x, y, z, t), w(x, y, t), w x (x, y, t) → 0 (|x| → ∞).
w(x, y, 0) = 0, w t (x, y, 0) = 0.
We are to prove that the solution of problem (8)- (13) is nothing but w = 0 and φ = 0. The solution (φ, w) of problem (8)- (13) has the following properties ∫
∫
Integrating equation (9) in Ω R = {−R < x < R, −L < y < L, −H < z < 0} and using the Divergence theorem, we obtain ∫
Here index R in Γ denotes corresponding boundaries of Ω R . Using conditions (10)-(12), in the limit R → ∞ the last equation provides
Using condition (13) , from this equation we arrive at (14) . Now we multiply equation (9) by φ and then integrate the result in Ω R . After applying the Divergence theorem, we obtain ∫
Using conditions (10)- (12), in the limit R → ∞ we obtain from the last relation
Condition (15) is obviously obtained from this relation. After taking t = 0 in (15), we have ∫
Using (13), from this equation we arrive at (16) .
Equation (9) provides ∂ ∂t
The expression in brackets in (17) is equal to zero for t = 0 due to conditions (13) and (16) . Taking this into account, we obtain
Multiplying equation (18) by w t (x, y, t) and then integrating the result in
Using (15), the forth therm in the left hand side of (19) is
Let us transform all other terms in (19).
The first term in the left hand side of (19) is
∫ ΠR w xxxx w t dΠ R = 1 2 d dt ∫ ΠR w 2 xx dΠ R + ∫ L −L w xxx w t | x=R x=−R dy − ∫ L −L w xx w xt | x=R x=−R dy, ∫ ΠR w yyyy w t dΠ R = 1 2 d dt ∫ ΠR w 2 yy dΠ R + ∫ R −R w yyy w t | y=L y=−L dx − ∫ R −R w yy w yt | y=L y=−L dx, ∫ ΠR w xxyy w t dΠ R = 1 2 d dt ∫ ΠR w 2 xy dΠ R + ∫ L −L w xyy w t | x=R x=−R dy − ∫ R −R w xy w xt | y=L y=−L dx.
We introduce function
Then the second term in the left hand side of (19) is
wdτ , the last term in the left hand side of (19) is
Summarizing all relations for the integrals, we obtain
where
In the limit R → ∞ in (20) for y = ±L we have
and for |x| → ∞ (w, w x , w t , w xt ) → 0.
Additionally, for t = 0 we have
Thus the boundary integrals in (20) are equal to 0, I
x Γ = 0 and I y Γ = 0. We introduce
Using relation
and Holder inequality, we obtain ∫ Π w 2 (x, y, t)dΠ 2
It follows from the last relation that
Let us introduce
Using (21) and (22), we obtain the following inequality
Then we have
Upon integrating (23) with respect to t from 0 to t 1 and taking into account that We conclude from the last inequality that Z(t) = 0, u(x, y, t) = 0. Considering (23), (22) and (21), it is easy to show that w = 0, ∇φ = 0, φ = 0. Theorem 1 is proved.
Uniqueness of elastic oscillations
Viscous damping is not well understood. Because of this, damping coefficient τ = 0 is neglected in many studies. We are to prove the analogue of the Theorem 1 for the case τ = 0.
In this case system of equation (8)- (13) becomes
